Introduction {#Sec1}
============

Semi-classical electron-electron interaction functional and connection to optimal transport {#Sec2}
-------------------------------------------------------------------------------------------

This work is motivated by, and contributes to, the longstanding quest in physics, chemistry and mathematics to design and justify approximations to the energy functional of many-electron quantum mechanics in terms of the one-body density.
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Previous results {#Sec3}
----------------

It was not realized until recently \[[@CR10], [@CR17]\] that the minimization problem in ([1.1](#Equ1){ref-type=""}) has the form of an optimal transport problem and can, especially in the case $\documentclass[12pt]{minimal}
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OT problems with two marginals have been studied extensively in the mathematical literature for a large variety of cost functions; see, for example \[[@CR9], [@CR31]\] for some influential results in the area and \[[@CR65]\] for a comprehensive treatment. A central insight in this setting is that, under fairly weak conditions on the cost function and marginals, the optimal measure is unique and of Monge type, i.e. it concentrates on the graph of a map over $\documentclass[12pt]{minimal}
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Here we focus on problem ([1.1](#Equ1){ref-type=""}) in the *regime of large* $\documentclass[12pt]{minimal}
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Connection with many-electron quantum mechanics and the Hohenberg--Kohn functional {#Sec5}
----------------------------------------------------------------------------------

Next let us explain the connection with, and implications for, many-electron quantum mechanics. Heuristically, the functional $\documentclass[12pt]{minimal}
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Precise statement of main results {#Sec6}
---------------------------------

With a view to the application to density functional theory, we will work in the following setting even though some of our main results could be stated and proved for more general spaces, such as Polish spaces for Theorem [1.3](#FPar3){ref-type="sec"}.

### **Definition 1.1** {#FPar1}
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Our result stands in surprising contrast to the recent results in \[[@CR52], [@CR53]\] by one of us. For a class of costs including the many-body quadratic cost $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{i \ne j}|x_i-x_j|^2$$\end{document}$ studied by Gangbo and Swiech \[[@CR32]\], the optimizer of the infinite-body OT problem is demonstrated to be a Monge type solution; that is, any two of the variables are completely dependent, rather than completely independent as is the case for our class of costs. This dichotomy exposes a fascinating sensitivity to the cost function in infinite-body optimal transport problems. This difference is not present in two-marginal problems, where fairly weak conditions on the cost which include both the quadratic and the Coulomb cost suffice to ensure Monge type solutions. A milder version of the dichotomy does however arise in the multi-body context, where for certain costs the solution can concentrate on high dimensional submanifolds of the product space \[[@CR13], [@CR50]\]. It does not seem to be until one gets to the infinite marginal setting, however, that complete independence of the variables becomes optimal for certain costs. The difference between the costs in our paper and those in \[[@CR52], [@CR53]\] can be expressed succinctly as positivity of the Fourier transform of $\documentclass[12pt]{minimal}
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The basic idea for the proof of Theorem [1.2](#FPar2){ref-type="sec"} is to represent the competing infinite-dimensional probability measures in ([1.13](#Equ13){ref-type=""}) via de Finetti's theorem, and identify the functional $\documentclass[12pt]{minimal}
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Our second main result clarifies the relationship between the infinite-body optimal transport problem ([1.12](#Equ12){ref-type=""}) and the corresponding $\documentclass[12pt]{minimal}
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### **Theorem 1.3** {#FPar3}
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Note that here not just costs leading to independence as in Theorem [1.2](#FPar2){ref-type="sec"} but also costs leading to strong correlations as considered in \[[@CR52], [@CR53]\] are included.

The proof of Theorem [1.3](#FPar3){ref-type="sec"} is based on a construction from advanced probability theory \[[@CR22]\] which does not appear to be easily accessible to non-probabilists, and which contains the important insight that any $\documentclass[12pt]{minimal}
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We remark that both numerator and denominator are of order $\documentclass[12pt]{minimal}
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### *Remark 1.5* {#FPar5}

A very interesting alternative proof of the preceding corollary for the Coulombic cost function was pointed out to us by Paola Gori-Giorgi. This proof, and hence also the above corollary, is implicit in recent work in the physics literature \[[@CR57]\]. The key ingredient is a nontrivial Coulombic inequality, the Lieb--Oxford bound \[[@CR48]\], The argument is as follows: the Lieb--Oxford bound, in our notation, states that$$\documentclass[12pt]{minimal}
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The arguments developed in the present paper apply to a larger class of interaction energies (see Definition [1.1](#FPar1){ref-type="sec"}, Theorem [1.2](#FPar2){ref-type="sec"}), and---perhaps more importantly---are based on a general and transparent probabilistic inequality (namely the comparison estimate in Proposition [3.2](#FPar26){ref-type="sec"} below between infinitely representable and finitely representable measures which goes back to Diaconis and Freedman). By contrast the Lieb--Oxford inequality was derived using highly nontrivial ad hoc estimates and currently lacks a probabilistic interpretation and analogues for non-Coulombic problems. But---unlike the Lieb--Oxford inequality---our probabilistic arguments fail to give a quantitative error bound for the associated optimal cost functionals for singular costs like the Coulomb cost, yielding such bounds only in the case of bounded costs (see Eq. ([3.6](#Equ42){ref-type=""})).

Plan of paper {#Sec7}
-------------

The rest of the paper is organized as follows. In Sect. [2](#Sec8){ref-type="sec"} we recall the notion of $\documentclass[12pt]{minimal}
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Solution to the infinite-body OT problem {#Sec8}
========================================

The proof of Theorem [1.2](#FPar2){ref-type="sec"} will require two key Lemmas. The first one (Lemma [2.4](#FPar10){ref-type="sec"}) reduces the infinite-body OT problem ([1.12](#Equ12){ref-type=""}) to a $\documentclass[12pt]{minimal}
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In Sect. [2.1](#Sec9){ref-type="sec"} we recall the notion of $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$-representability of a pair density, generalize it to infinitely many particles, prove Lemmas [2.4](#FPar10){ref-type="sec"} and [2.8](#FPar15){ref-type="sec"}, and also establish existence of at least one solution to ([1.12](#Equ12){ref-type=""}) (Proposition [2.9](#FPar17){ref-type="sec"}). In Sect. [2.2](#Sec10){ref-type="sec"} we establish Theorem [1.2](#FPar2){ref-type="sec"}, via Fourier transform calculus applied to the de Finetti representation of infinitely representable measures.
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                \begin{document}$$2$$\end{document}$-body OT problem with infinite representability constraint {#Sec9}
--------------------------------------------------------------------------------------------------------------

We now reformulate the infinite-body mass transportation problem ([1.12](#Equ12){ref-type=""}) as a standard (two-body) mass transportation problem subject to an infinite representability constraint. This reformulation is possible due to the fact that the cost in ([1.10](#Equ10){ref-type=""}) is a sum of symmetric pair terms. We begin by recalling the definition of $\documentclass[12pt]{minimal}
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### **Definition 2.1** {#FPar6}
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### *Example* {#FPar7}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B\in \mathbb {R}^d$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\ne B$$\end{document}$. The totally anticorrelated probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _2 = \frac{1}{2}(\delta _A\otimes \delta _B + \delta _B\otimes \delta _A)$$\end{document}$ is not 3-representable. (Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _A$$\end{document}$ denotes the Dirac measure centred at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A$$\end{document}$.)
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Let us now generalize Definition [2.1](#FPar6){ref-type="sec"} to infinite particle systems.

### **Definition 2.2** {#FPar8}
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### **Lemma 2.3** {#FPar9}
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                \begin{document}$$N=\infty $$\end{document}$ will be studied later in Lemma [3.3](#FPar28){ref-type="sec"}.
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### **Lemma 2.4** {#FPar10}
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To prove our next result, we will use the de Finetti--Hewitt--Savage Theorem for infinitely representable measures as stated and proved in \[[@CR22]\]. See \[[@CR22]\] Theorems 14 and 20 (for exchangeable measures in $\documentclass[12pt]{minimal}
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### **Definition 2.5** {#FPar12}
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For further discussion of the notion of standard space and examples see \[[@CR40]\].
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### *Remark 2.6* {#FPar13}

The main point for our purposes is that $\documentclass[12pt]{minimal}
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We are now ready to state de Finetti's Theorem. Translated into the present language, de Finetti's Theorem says the following:

### **Proposition 2.7** {#FPar14}
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Next we reformulate the optimal cost functional ([1.13](#Equ13){ref-type=""}) with the help of de Finetti's theorem. We will use that formula ([2.5](#Equ26){ref-type=""}) means in particular that$$\documentclass[12pt]{minimal}
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### **Theorem 2.8** {#FPar15}
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### *Proof* {#FPar16}
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We end this subsection with a general result of existence of at least one solution to ([1.12](#Equ12){ref-type=""}) and to ([2.4](#Equ25){ref-type=""}). This result will be used in the proof of Theorem [1.3](#FPar3){ref-type="sec"}.

### **Theorem 2.9** {#FPar17}
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### *Proof* {#FPar18}

To prove the existence of a solution $\documentclass[12pt]{minimal}
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Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec10}
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In this subsection, we determine explicitly the optimal transport functional $\documentclass[12pt]{minimal}
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### *Proof of Theorem 1.2* {#FPar19}
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### **Lemma 2.10** {#FPar20}
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Before proceeding with the proof of (b), let us note a corollary of the above arguments. By combining ([2.4](#Equ25){ref-type=""}) and ([2.10](#Equ31){ref-type=""}), we obtain:
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It remains to show the uniqueness result (b). Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ is a minimizer of ([1.12](#Equ12){ref-type=""}). By de Finetti's theorem ([2.7](#FPar14){ref-type="sec"}), there exists a probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu \in {\mathcal {P}}({\mathcal {P}}(\mathbb {R}^d))$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \gamma =\int _{{\mathcal {P}}(\mathbb {R}^d)} Q^{\otimes \infty } d\nu (Q). \end{aligned}$$\end{document}$$We have to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ is the Dirac mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _\mu $$\end{document}$. By Theorem [2.8](#FPar15){ref-type="sec"}, the two-point marginal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _2=\int _{{\mathcal {P}}(\mathbb {R}^d)} Q \otimes Q d\nu (Q)$$\end{document}$ is a minimizer of the problem in ([2.6](#Equ27){ref-type=""}). By ([1.17](#Equ17){ref-type=""}), and ([2.10](#Equ31){ref-type=""}), it follows that the right hand side of ([2.10](#Equ31){ref-type=""}) is zero, i.e.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{{\mathcal {P}}(\mathbb {R}^d)} |\hat{Q}(z)|^2 d\nu (Q) - \left| \int _{{\mathcal {P}}(\mathbb {R}^d)} \hat{Q}(z)\, d\nu (Q)\right| ^2 = 0\quad \text{ for } \text{ Lebesgue-a.e. }\, z\in \mathbb {R}^d. \end{aligned}$$\end{document}$$Because the left hand side equals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{{\mathcal {P}}(\mathbb {R}^d)} | \hat{Q}(z) - \int _{{\mathcal {P}}(\mathbb {R}^d)} \hat{Q}(z)\, d\nu (Q)|^2 d\nu (Q)$$\end{document}$, ([2.14](#Equ35){ref-type=""}) holds if and only if$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{Q}(z) = \int _{{\mathcal {P}}(\mathbb {R}^d)} \hat{Q}(z) \, d\nu (Q)\quad \text{ for } \nu -\text{ a.e. }\, Q\in {\mathcal {P}}(\mathbb {R}^d). \end{aligned}$$\end{document}$$Therefore, by the injectivity of the Fourier transform as a map from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {P}}(\mathbb {R}^d)$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_b(\mathbb {R}^d)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Q = \int _{{\mathcal {P}}(\mathbb {R}^d)} Q \, d\nu (Q) \quad \text{ for } \nu -\text{ a.e. }\, Q\in {\mathcal {P}}(\mathbb {R}^d). \end{aligned}$$\end{document}$$In other words, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ must be a Dirac mass (at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$, to satisfy the margial constraint). Substitution into ([2.13](#Equ34){ref-type=""}) shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ is the independent measure ([1.16](#Equ16){ref-type=""}). The proof of Theorem [1.2](#FPar2){ref-type="sec"} is complete.

### *Remark 2.12* {#FPar22}
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### *Example 2.13* {#FPar23}
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\(e\) We note that weakening even slightly the assumption of exchangeability of the measure may destroy uniqueness of the minimizer of ([1.12](#Equ12){ref-type=""}). To prove this, we apply for example the results from \[[@CR41]\] or from \[[@CR8]\]. Therein, various examples are constructed of infinite stationary sequences $\documentclass[12pt]{minimal}
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Connection between the N-body OT problem and the infinite-body OT problem {#Sec11}
=========================================================================

We will establish in this section the relationship between the infinite-body optimal transport problem ([1.12](#Equ12){ref-type=""}) and the corresponding $\documentclass[12pt]{minimal}
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We first note the following existence result for ([3.1](#Equ37){ref-type=""}):

**Proposition 3.1** {#FPar24}
-------------------
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*Proof* {#FPar25}
-------

The proof follows from a standard compactness argument, similar to those found in \[[@CR65]\], combined with the fact that a non symmetric measure $\documentclass[12pt]{minimal}
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-------
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We will use this result directly to easily establish Theorem [1.3](#FPar3){ref-type="sec"} part (i). For part (ii), we will need the following intermediate Lemma.

**Lemma 3.3** {#FPar28}
-------------
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*Proof* {#FPar29}
-------
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*Proof of Theorem 1.3* {#FPar30}
----------------------
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-------
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Note that for the Coulomb cost, the conditions on the cost hold for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=(x_1,x_2,\ldots ,x_N)$$\end{document}$ away from the diagonal; that is, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_i \ne x_j$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \ne j$$\end{document}$.

*Proof* {#FPar35}
-------

Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N<\infty $$\end{document}$. The proof is by contradiction; assume that the product measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^{\otimes 2}$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{2d}$$\end{document}$ is optimal for ([3.1](#Equ37){ref-type=""}). Then the product measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^{\otimes N}$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^d \times \mathbb {R}^d \times \cdots \times \mathbb {R}^d$$\end{document}$ must be optimal for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N$$\end{document}$-body optimal transport formulation of the problem ([1.12](#Equ12){ref-type=""}). It is clear that the support of the product measure has full Hausdorff dimension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$dN$$\end{document}$ near the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$. On the other hand, Theorem 2.3 from \[[@CR51]\] implies that for any optimizer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$, for some neighbourhood $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$, the dimension of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$supp(\gamma ) \cap U$$\end{document}$ is no more than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _0+\lambda _-$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$supp(\gamma )$$\end{document}$ is the support of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _+, \lambda _-$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _0$$\end{document}$ are respectively the number of positive, negative and zero eigenvalues of the off-diagonal part of the Hessian$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \qquad G= \begin{bmatrix} 0&\quad D^{2}_{x_1x_2}c&\quad D^{2}_{x_1x_3}c&\quad \ldots&\quad D^{2}_{x_1x_N}c \\ D^{2}_{x_2x_1}c&\quad 0&\quad D^{2}_{x_2x_3}c&\quad \ldots&\quad D^{2}_{x_2x_N}c \\ D^{2}_{x_3x_1}c&\quad D^{2}_{x_3x_2}c&\quad 0&\quad \ldots&\quad D^{2}_{x_3x_N}c \\ \cdots&\quad \cdots&\quad \cdots&\quad \cdots&\quad \cdots ,\\ D^{2}_{x_Nx_1}c&\quad D^{2}_{x_Nx_2}c&\quad D^{2}_{x_Nx_3}c&\quad \ldots&\quad 0 \end{bmatrix} \end{aligned}$$\end{document}$$evaluated at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$. Therefore, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^{\otimes N}$$\end{document}$ is optimal, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G$$\end{document}$ must have no positive eigenvalues and therefore must be negative semi-definite. This is clearly not true; as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^{2}_{x_ix_j}c \ne 0$$\end{document}$, we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u, v \in \mathbb {R}^d$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \cdot D^{2}_{x_ix_j}c\cdot v^T >0$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&[0,\ldots ,0,u,0,\ldots ,0,v,0,\ldots ,0] \cdot G \cdot [0,\ldots ,0,u,0,\ldots ,0,v, ,0,\ldots ,0]^T \\&\quad = v \cdot D^{2}_{x_jx_i}c\cdot u^T + u\cdot D^{2}_{x_ix_j}c\cdot v^T \\&\quad = 2u\cdot D^{2}_{x_ix_j}c\cdot v^T\\&\quad > 0, \end{aligned}$$\end{document}$$contradicting the negative definiteness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Conclusions {#Sec12}
===========

Mean field approximations that reduce complicated many-body interactions to interactions of each particle with a collective mean field are ubiquitous in many areas of physics such as quantum mechanics, statistical mechanics, electromagnetism, and continuum mechanics, as well as in other fields such as mathematical biology, probability theory, or game theory.

Motivated by questions in many-electron quantum mechanics, we have presented a novel and quite general mathematical picture of how mean field approximations are rigorously related to underlying many-body interactions. Namely, for interactions with positive Fourier transform they emerge as the unique solution to a naturally associated infinite-body optimal transport problem.

Appendix {#Sec13}
========

Here we prove the result stated in Lemma [2.10](#FPar20){ref-type="sec"} that a well known formula from Fourier transform calculus on $\documentclass[12pt]{minimal}
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*Proof of Lemma 2.10* {#FPar36}
---------------------
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